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Abstract
We have developed a model for teaching math-
ematical statistics through detailed case studies,
and we have had some success with students us-
ing the R and S-Plus languages to analyze data
from the cases and to perform simulation studies
of statistical concepts underlying the methods used
in the analyses. We describe a few examples of
these simulation studies, and explain how we use
the computer to bridge the gap between statistical
theory and practice and to develop understanding
of the the basic ideas in mathematical statistics.
Recently, we have embarked on a new approach
that builds on the work of the Omegahat project
(www.omegahat.org), which has embedded the R
statistical software in the Netscape browser. We
are designing interactive environments for browsers
that use R for performing computations and plot-
ting. The goal is to develop electronic activities
that will make it easier for students to explore and
develop understanding of the concepts of statistics
and that will connect these concepts to the practice
of statistics.
Key Words: Education, Interactive docu-
ments, Web
Introduction
We use statistical software for teaching mathemat-
ical statistics to undergraduates in two ways. Stu-
dents use software to analyze data from case studies
where they work on real-life problems from diverse
elds. They also use software for simulations and
demonstrations that are designed to help them de-
velop intuition for { and understanding of { key
statistical concepts.
We have found that when case studies are cen-
tral to the mathematical statistics course, then the
cases motivate students to learn the theory, and
they provide a meaningful framework for the ma-
terial. Case studies give students experience with
how statistics can be used to answer scientic ques-
tions, which in turn encourages statistical thinking.
Additionally, we have found that computer demon-
strations and simulations help students understand
statistical concepts, and when tied to an applica-
tion, they aid students in developing their quanti-
tative reasoning skills.
In this paper, we describe our model for teach-
ing mathematical statistics through case studies,
and we provide examples of how we use statisti-
cal software to bridge the gap between the the-
ory and the practice of statistics. Next, we dis-
cuss our design of new computer activities that
use the statistical software R in Netscape to
create a richer environment for students to ex-
plore and study statistical concepts. This is
part of a larger project (Buttrey et al., 2001,
www.stat.berkeley.edu/~statdocs/) to develop
an interactive, electronic text for teaching mathe-
matical and applied statistics.
Teaching the Mathematical
Statistics Course
We teach mathematical statistics using Nolan and
Speed (2000), a text that blends mathematical
statistics with modern statistical practice. In this
text each chapter is centered on a case study, and it
is via the case study that the theory is introduced.
This leads to an integration of statistical theory and
practice in a way not commonly encountered in an
undergraduate course. Each case raises a scientic
question that is interesting in its own right, and
it contains data for use in addressing the question.
The context of the scientic question is the starting
point for developing the statistical theory.
The presentation of a case is divided into ve
main parts: introduction, data description, back-
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ground material, investigations, and theory. In the
introduction, a clear scientic question is stated,
and motivation for answering it is given. The ques-
tion is presented in the context of the scientic
problem, and not as a request to perform a partic-
ular statistical operation. We also provide students
with documentation for the data collected to ad-
dress the question, including a detailed description
of the study protocol. In addition, students read
background material to put the problem in con-
text. This information is gathered from a variety
of sources, and presented in nontechnical language.
With the background material, we attempt to cre-
ate a detailed picture of the eld of application that
is understandable to a broad college audience.
We make suggestions to the students on how
to begin to answer the scientic question. These
suggestions use very little statistical terminology.
They provide a way to consider what is needed in
a statistical approach to a problem, and so help
students learn to apply statistical methods to dif-
ferent contexts and data. Students use R to analyze
the data. The data are often complex, the analy-
sis open-ended, and a coherent synthesis of ndings
required. As a result, the analysis often includes
simulation and bootstrap studies.
After completing their analyses, students pre-
pare reports on their ndings. We ask them to play
the role of a statistician when writing their reports.
For example, the student must write an article for a
widely read science magazine, a memo to the head
of a research group, or a pamphlet for consumers.
Essentially, the process of understanding the
question, analyzing data, and summarizing ndings
in a report mimics what we do as data analysts,
statisticians, and scientists.
We note that the theoretical development of
the statistical concepts and methodology required
to address the question are introduced after the pre-
sentation of the problem as the students start their
investigations. This approach to teaching mathe-
matical statistics provides students with a reason to
learn statistical theory because it is needed to solve
a real problem, and it also generates an interest
in learning the material because the problems have
depth and merit. Students gain practical experi-
ence, problem-solving skills, and the ability to ap-
ply what they learn in the theoretical course to real
applications. We view the divide between applied
and theoretical statistics as unnecessary and unnat-
ural, and think the integration of the two makes for















Table 1: Distribution of time, in hours, spent play-
ing video games in the week prior to the survey for
the 91 statistics students in the sample.
Computing in the Mathemati-
cal Statistics Course
We provide three examples of how we use the com-
puter to explore some ideas in mathematical statis-
tics. In the rst example, we employ the bootstrap
to get a picture of the sampling distribution of an
estimator. The second example performs a sensitiv-
ity analysis for a statistical test. The nal example
shows students how to search for a maximum of a
response surface using rst and second order local
approximations. These examples are used in the
course in a variety of ways: the rst example forms
the basis of an in-class demonstration to assist stu-
dents in understanding the Central Limit Theorem;
the second is an exercise from a homework assign-
ment; and the last is part of a data-analysis project.
However, each example is directly relevant to a case
study under investigation by the students.
Example 1. Sampling distribution of the
sample average We teach our students that the
average from a simple random sample has an ap-
proximate normal distribution when the sample size
is large in absolute terms and small relative to the
population size. They invariably ask us how large is
large and how small is small, and our answer is that
it depends on the population. This is not a very
helpful answer when faced with actual data, and
students are often dissatised with this response.
The bootstrap addresses the problem.
For example, in a study of the time spent play-
ing video games by students in a large statistics

























































































































































































































































































Figure 1: Normal-quantile plot of the bootstrap sample averages (Example 1), from 400 bootstrap samples
of size 91 from the bootstrap population (Table 1), for the 91 statistics students in the sample.
course, a survey of 91 of the 314 students found
that on average students played video games for
1:2 hours with an SD of 3:5 hours in the week be-
fore the survey was taken. The distribution of time
spent playing is highly skewed with 57 of the 91 stu-
dents spending no time at all playing video games.
The bootstrap helps us assess whether or not
the distribution of the sample average approxi-
mately follows the normal curve. We build a boot-
strap population of 314 based on the sample. For
every unit in the sample, we make 314=91 = 3:45
units in the bootstrap population with the same
time value (we round cell counts o to the nearest
integer). The sample and bootstrap population ap-
pear in Table 1. We draw samples of 91 repeatedly
from this bootstrap population to simulate the dis-
tribution of the sample average. Figure 1 shows the
normal quantile plot of 400 sample averages; that
is, the averages of 400 simple random samples of
91 from the bootstrap population. We see that the
averages appear to follow the normal distribution.
We continue the simulation exercise by comparing
the skewness and kurtosis of the 400 bootstrap sam-
ple averages to a simulated distribution of skewness
and kurtosis for samples of size 400 from the nor-
mal distribution, and nd that the observed values
to be reasonable.
Example 2. Chi-square test of the uniform
distribution In statistics, we often hypothesize
that observations are realizations of independent
random variables from a specied distribution, such
as the uniform. We do not believe that the data are
exactly generated from such a distribution but that
for practical purposes the probability distribution
does well in describing the randomness in the out-
comes measured. We show our students techniques,
such as the 2 goodness-of-t test, for assessing how
well a model ts.
In teaching hypothesis testing, we often give
our students rules of thumb for when it is appropri-
ate to apply such a test. For example, the expected
cell counts should not fall below 5 in order for the 2
approximation to be appropriate. We have our stu-
dents perform a simulation study on the sensitivity
of the test to low expected cell counts for the uni-
form distribution. They simulate the distribution
of the test statistic for several sample sizes and bin
widths. From this simulation study they nd that
the uniform distribution is not particularly sensitive
to violations of this rule.
Example 3. Searching for the maximum of
a response surface In an experiment to nd
the dimensions of the best paper helicopter, we
have students search the two-dimensional design
space (wing width and length) using rst-order and
second-order local approximations to the response
surface (time to descent).

















Figure 2: For the helicopter design experiment (Example 3), we provide R functions to plot a local linear
(left) or quadratic (right) contour plot tted to the flight times measured at each design point (marked
with s). The arrow denotes the path of steepest ascent.
tour plots of the locally tted surface. After build-
ing and flying helicopters from these design points,
students use our R function to draw the contours of
the tted quadratic and the path of steepest ascent
from the center of the design (Figure 2). Then stu-
dents choose a new point along this line for build-
ing helicopters, and continue to explore the design
space until they settle on the region where they
think the best performing helicopter is located.
A New Approach
Recent advances in technology
(www.omegahat.org/SNetscape) enable the R
software to be plugged into the Netscape browser.
This new capability has great potential for cre-
ating innovative educational statistical activities
(Buttrey et al. 2001). There are many advantages
to using statistical software as a plug-in to the
browser, we can:
 mix text, plots, and statistical output on a web
page, and easily update these plots and output
dynamically;
 program these activities with a little experience
with HTML;
 provide students with a familiar interface (the
browser);
 program statistical functionality separately in
R, and then integrate it into the browser.
We revisit the three examples described in the
previous section, and illustrate how this plug-in can
improve these activities.
Figure 3 shows a screenshot of the adaptation
of the bootstrap/Central Limit Theorem demon-
stration to this new approach. We lay out the
user interface in HTML, handle events through
JavaScript, and generate random numbers and g-
ures in R. The student clicks on a radio button
to choose whether the sampling is to be with or
without replacement, and species the sample size.
Then to generate a sample, the student clicks the
Sample button. JavaScript code handles this event
by retrieving the student’s inputs and passing them
as values in a call to an R function which generates
400 bootstrap samples and computes the mean for
each sample. Then R plots the bootstrapped sam-
pling distribution, and returns its mean and SD.
The JavaScript command displays these numbers in
the corresponding text elds under the plot. The vi-
sual contrast between the bootstrap population (on
the left) and the bootstrap sampling distribution of
the average (on the right) is quite striking. Students
continue to work with this activity by changing the
sample size and by sampling with replacement in-
stead of without to see the eects on the sampling
distribution.
Next, for the sensitivity analysis of the 2
goodness-of-t test, we break the activity into two
parts (Figure 4). The rst part is designed to
give students an idea of the variability in the 2
goodness-of-t test for the uniform distribution.
Figure 3: The Central Limit Theorem is demonstrated in this activity (Example 1). The student enters the
parameters (sample size and with/without replacement) to determine the sampling procedure for the boot-
strap population. After pushing the Sample button, the histogram on the right shows the bootstrapped
distribution of the sample average.
Figure 4: In this interactive browser window (Example 2), the student performs a sensitivity analysis of
the 2 goodness-of-t test to small expected cell counts. Data are generated from the uniform distribution
and the goodness-of-t of the uniform to the data is tested. The student controls the sample size and the
number of cells, which eectively controls the expected cell counts.
Figure 5: A tool for searching for the maximum of the response surface using the path of steepest ascent
(Example 3). Students enter the center and dimensions of the region in the design space to be investigated.
Then when they press the Set Design button, the design points are plotted in the design space to the left,
and the coordinates of the design points are placed in the table. Next the student enters a response for
each of these design points (bottom) and presses the Local Fit button. The tool ts a local linear model
to the responses, and adds the contours of this t and the path of steepest ascent to the design space.
The student chooses the sample size and number
of bins, then pushes the Sample button to gener-
ate a sample from the uniform, plot it, and compute
the test-statistic and p-value. In the second part of
the activity, the student simulates the null distri-
bution of the test statistic for various sample sizes
and bins. We provide the student with a visual
comparison of the simulated distribution of the test
statistic to the 2 distribution, and we also provide
a comparison of the tail probability for the -levels
of 0:05 and 0:01.
For the third activity, we build a tool to help
the student search for the maximum of a response
surface (Figure 5). First, the student determines
the wing width and length of interest and the area
to search. The tool then provides the four design
points, i.e. the dimensions of four helicopters to be
built and flown. After collecting the flight data, the
student enters it in the table and pushes the Local
Fit button. The tool ts a local linear approxima-
tion to the response surface, and plots the contours
of the approximation and the path of steepest as-
cent on the design space. The student continues to
search the design space by choosing a point along
this path, and iterating this process. This tool can
be easily adapted to search a known (to the instruc-
tor) response surface. For example, it could sim-
ulate flight times at the design points, and allow
the student a limited number of local ts before re-
quiring a guess as to the location of the maximum.
Then the true location and contours of the response
surface could be revealed.
Discussion
For the instructor, there are many advantages to
this approach to bringing the computer into the
mathematical statistics course. Most importantly,
the instructor can easily extend the documents pre-
sented here to meet the specic needs of a class.
The documents are formatted using HTML, and
can be easily modied or included in a larger docu-
ment. With the EMBED tag, we have R’s well-tested
and widely used code available in the browser. We
use R for generating pseudo-random numbers, least
squares tting, and computing test statistics. The
instructor can take advantage of R’s graphical con-
trols to easily customize the plots and charts. That
is, they can embed multiple plots in the web-page
and get ne grained control over each plot’s appear-
ance.
For example, the bootstrap/CLT example can
be modied to allow students to enter their own
data, or to simulate from a probability distribution
rather than the bootstrap population. For exam-
ple, one can easily add a menu in HTML to choose
the statistic and call the corresponding R function.
The instructor can also add features to explore the
sampling distribution of other summary statistics
(e.g. median, trimmed mean, quantile). It is also
simple to change the HTML that controls the lay-
out and inputs and to include this document in a
larger document. In contrast, an applet needs to
have been designed to support such extensibility
and its elements cannot be placed independently.
Further, it is possible to \animate" the simulation,
by building the sampling distribution incrementally
with the use of JavaScript timers.
With regard to student learning, these new
computer activities help the student explore sta-
tistical concepts through visualization, play with
methodologies to answer what-if questions, and ob-
serve the stochastic nature of various random pro-
cesses. However, we want to emphasize that these
activities do not replace the valuable activity of an-
alyzing data using statistical software, which holds
an important place in our mathematical statistics
course. Instead, these new activities bring an addi-
tional component to the course that helps students
develop understanding for the concepts of statistics,
and they connect these concepts to the practice of
statistics. Finally, the results of these concept ac-
tivities can be folded into the data analysis projects.
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